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Abstract: In this paper, we study the zero set of the Hopf construction map 
F„ : A„ X A„ A„ X Aq given by Fn{x,y) = {2xy,\\y\\^ - \ \x\\^) for n > 4, 
where A„ is the Cayley-Dickson algebra of dimension 2" on M. 



< 

: Introduction: Let fi : ^ S^, /a : 5^ ^ and /g : S^^ be the 

J3 classical Hopf maps; these can be defined using the Hopf construction: 

Let Ai = C, A2 = EI and A3 = be the complex, quaternion and octonion 
numbers respectively and F„ : A„ x A„ ^ A„ x M are given by 

(M ■ Fn{x,y) = {2xy,\\y\\'^ - \\x\\^) 

l> 

. for = 1, 2, 3. 

I Now write ^s^+^-i = {{x,y) G A„ x A„ : + = 1}. By definition 

5 : F^\s'"^'-' = /. 

■ are the Hopf maps. Since A„ is a normed real algebra of dimension 2", for 

n = 1, 2, 3 we have that 

"O' mxy,\\y\\'-M')\\' = Ml^yW + i\\y\\' - M'f 

= A\\x\\'\\y\\^+\\y\\'+\\x\\^-2\\x\\^\\y\\^ 

= {M' + \\y\\r, 

so if + = 1, then = \\{2xy, — ||x|p)|| = 1. 

Now by the Cayley-Dickson doubling process ([D]) define 
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with 

(a, b) {x, y) — {ax — yb, ya + bx) for a, 6, x and y in A„ 

and 

X = (xi, -X2) if X = {xi,X2) in A„_i x A„_i. 

Thus, if Aq = M with x = x for x real number, then Ai = C, A2 = EI and 
A3 = 0, which are normed algebras i.e.; \\xy\ \ = for all x,y in A„. 

For n > 4, Aj^ is no longer normed and also A„ has zero divisors (see 
[K-Y] and [Moi]). 

Let us define = {{x,y) e A„ x A^\Fn{x,y) = (0,0)} and for r 
nonnegative real number {x, y) G if and only if = and | | = | |y| | = 
r. It is clear that for r > and s > real numbers. is homeomorphic to 
X^. Let us define X„ := X^. 

The set Xn show up in some important problems in algebraic topology: 

(1) Cohen's approach to the Arf invariant one problem. (See [Ci] and [C2]). 

(2) Adem-Lam construction of normed and non-singular bilinear maps. (See 
[A] and [L]). 

In this paper, we will show that for n > 4, Xn is related to some Stiefel 
manifolds; using the algebra structure in A„+i we will construct the chain of 
inclusions 

Xn C VF2"-l-l,2 C V2"_2,2 C V2»_l,2 

(see § 2 below) where 2 and Wm,2 denote the real and complex Stiefel 
manifolds of 2-frames in and C™ respectively. 

In § 3 we show that we can attach to every element in 1^2"-!. 2 in a 
canonical way, an eight dimensional vector subspace of A„+i and that, only 
for the elements in such vector subspace is isomorphic, as algebra, to 
A3 = (the octonions). 

In § 4 we describe X„ as a certain type of algebra monomorphisms from 
A3 = to A„_|_i for n > 4. 

This paper is a sequel of [Mol] and we use freely the results of [Sch],we 
acknowledge with gratitude the hard work made by the reviwer. 

§1. Pure and doubly pure elements in A„_|_i. 

Throughout this paper we use the following notational conventions: 
(1) Elements in A„ will be denoted by Latin characters a, 6, c, . . . , x, y, z. 
and elements in A„+i will be denoted by Greek characters a, 7, 
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For example, 

a — (a, 6) e A„ X A„. 

(2) When wc need to represent elements in A„ as elements in A„_i x A„_i 
we use subscripts, for instance, a — (01,02), h — {bi,b2), and so on, with 
01,02,61,62 in A„_i. 

Now {eo, ei, . . . , e2«-i} denotes the canonical basis in A„. Then by the 
doubling process 

{(eo, 0), (ei, 0), . . . , (e2n_i, 0), (0, eo), . . . , (0, e2n_i)} 

is the canonical basis in A^+i = A„ x A„. By standard abuse of nota- 
tion, we also denote eo = (eo,0),ei = (ei, 0), . . . , e2n-i = (e2"-i, 0), e2" = 
(0, eo), . . . , e2n+i_i = (0, e2n_i) in A„+i. 

For a = {a, 6) G A„ x A„ = A„+i we denote a = {—b, a) (the complexifi- 
cation of a) so cq = (0, eo) and aeo = (o, 6)(0, cq) = (—6, o) = a. Notice that 
a — —a. 

The trace on A„_|_i is the linear map t„_|_i : A^+i — > M given by tn+i(Q;) = 
a + a — 2 (real part of a) so tn+i{a) — tn{a) when a — (o, 6) e A„ x A„. 

Definition: a = (o, b) in A„+i is pure if 

tn+i{a) = tn{a) = 0. 

a — (o, b) in A„+i is doubly pure if it is pure and also tn{b) = 0; i.e., a is 
pure in A„+i. 

Also 2(0,6) = tn(ab) when (— , — ) is the inner product in (see [A]). 
Note that for o and 6 pure elements o _L 6 if and only if 06 = —60. 

Notation: oA„ = {eo}"*" C A„ is the vector subspace consisting of pure 
elements in A„; i.e., oA„ = Ker(t„) = IR^""^. 

A„+i = oA„x oA„ = {eo, cq}-'- = M^"^ ~^ is the vector subspace consisting 
of doubly pure elements in A„+i. 

Lemma 1.1. For o and b in A„ we have that 
1) oeo = o and eoo = —a. 
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2) aa — — ||a|peo and aa — ||a||^eo so a J- a. 

3) ab = —ah with a a pure element. 

4) a ± 6 if and only if ab-\-ha — 0. 

5) a ± 6 if and only if ah = ha. 

6) a ± 6 and a ± 6 if and only if ah — ah. 

Proof: Note that a is pure if and only if a = —a and if a = (ai, 02) is doubly 
pure, then oi = — oi and 02 = —02- 

1) e^a = (0, eo)(ai, 02) = {—a2,ai) = (02, = —{—^2,^1) = —a. 

2) aa = (oi, a2)(-a2, Qi) = (-0102 + aia2, + a|) = (0, -||a|peo) = 
— I |a| peo- 

Similarly aa = (— a2, ai)(ai, a2) = (— a2ai + a2ai, — a| — a^) = ||a|peo. 
Now, since —2 (a, a) = aa + aa = we have a _L a. 

3) ah = (-02, ai)(hi, 62) = (-02^1 + ^201, -^202 - aihi). 

So ah — (oifci + &202,&20i — 02^*1) = (oi, a2)(^'i, ^'2) = 06 and then 
—ah — ah. 

Notice that in this proof we only use that ai — —ai, i.e., a is pure and 
h doubly pure. 

4) a±h<:^ah + ha^0^ah^ -ha ^ ah ^ -ha. 
^ —ah = ha '^ah + ha = hj (3). 

5) a ±h ^ ah + ba ^0 {hy (4)) ^ -ah + ba = 0. 

6) If a ± 6 and a _L 6, then by (3) and (4) ah — —ah — ha — —ha — ah. 
Conversely, put a = (ai, a2) and h = {hi, 62) in A„_i x A„_i and define 
c := (aifei + 62a2) and d := (6201 — 02^1) in ^n-i- 

Then a6 = (oi, a2)(— 62, ^1) = (—0162+^102, ^101 + 02^2) so ah = {—d,c). 
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Now ab = (ai, 02) (61, 62) = {dibi + ^202, &2O1 — 02^*1) = (c, d), so a6 = (— c) 
and then afe = (d, — c). 

Thus, if a6 = ab then c = — c and d — —d. Then 

tn{ab) — tn-i{c) — c + c — and a±6 
tn(db) — tn~i{d) — d + d — and a ± 6. 

Q.E.D 

Corollary 1.2 For each a 7^ in A„ the four dimensional vector subspace 
generated by {eo, a, a, So} is a copy of A2 = H we denote it by Ha. 

Proof: We suppose that ||a|| = 1, otherwise we take Construct the 
following multiplication table. 





eo 


a 


a 


eo 


eo 


eo 


a 


a 


eo 


a 


a 


-eo 


+eo 


—a 


a 


a 


-eo 


-eo 


a 


eo 


eo 


a 


—a 


-eo 



By lemma 2.1. aco = a; eoo = —a; aeo = a = —a; eoo = —a = a; 
aa — —Co and aa — Cq. 

Identifying eo eo, a ei, a <-> 62 and Sq <-> 63 we have the multiplica- 
tion table for A2 = H 

Q.E.D. 

§2.- The Stiefel manifold V2n_i 2 in A„+i and a T^-action. 

Let (a, b)n denote the standard inner product of a and b in A„ = . 
Now by [A] and [Moi] 

2(a, b)n = (ab + ba) = tn{ab). 

It is also well known that, for a = (a, b) and % = (x, y) in A„ x A„ = A„_|_i 
we have 

(a, x)n+i = (a, + y>n- 
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In particular, if a and x are doubly pure elements in A„+i then y and h 
are pure elements in A„, therefore 

(",x)n+i = {a,x)n + {h,y)n- 

Lemma 2.1 For a = (a, b) in A„_|_i define a := {b,a). 
For a e A„_|_i we have that 

i) {a, 6()n+i — i.e. a ± a in A„+i if and only if (a, 6)„ = 0, i.e. a ± 6 in 

An. 

ii) {a,a)n+i — 0, i.e. a ± a in A„_|_i if and only if ||a|| = in A„. 
Proof: 

i) {a, a)n+i = ((a, b), (6, a))„+i = 2(a, 

ii) {a,a)n+i = ((-&,a), (6,a))„+i = -{b,b)n + {a,a)n = + 

Q.E.D. 

By §1, we know that for each a 7^ in A„_|_i. Hq, = Span {cq, 5, a, Co} is 
a copy of A2 and that if denotes the orthogonal complement of , then 
A,+i = M„©H^. 

Since a is doubly pure, a is also doubly pure; i.e., a e {cq, eo}"*" and if 
a ± a and a _L 5, then a e H;!^. Now S'^(A„+i) = ^2"+i-3 (denotes the 
sphere of radius inside of A„_|_i. 

Thus, we have a description of the real Stiefel manifold of 2- orthonormal 
frames in M^"-^ as follows: 

1^2"-i,2 = {{a,b) e oA„ X oA„ = A„+i : ||a|| = ||&|| = 1, a ± 6} 

and 

Lemma 2.2. If r and s are in M with + = 1 and (a, 6) G V2"-i,2 then 
(ra — s6, so + rb) e Vi^-\^2- 

Proof: Suppose that ||a|| = ||&|| = 1 and a ± 6 in A„. Then \ \ra — sb\\^ = 
r^l |a|p + s^l — 2rs{a, b)n and | \sa + r6| p = |a|p + |6| ^ + 2rs{a, b)n, 
so I \ra — sb\ p = \ \sa + r6| ^ = + = 1. 

{ra - sb,sa + rb)n = rs{a,a)n - sr{b,b)n - s'^{b,a)n + r'^{a,b)n 
— rs||a|p — rs||6||^ + = rs — sr = 0. 
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Q.E.D. 

Corollary 2.3. x l2n_i^2 1^2"-i,2 given by 

((r, s), a) I— > ra + s5 = (ra — sb, sa + rb) 
defines a smooth, free ^^-action on V2"-i,2- 

Proof: Clearly (1, 0) ■ a = a and 

(r, s)[(g, t) • a] = ((r, s){q,t)) ■ a = {rq — st,rt + sg) ■ « so a defines an 
action. It is a smooth action because it is a restriction of a linear action of 
GL2(R) on A„+i = R2"+^-2_ 

Finally, a is a free action: ii ra + sa — a then r — 1 and s = 0, because 
q; ± 5 in A„+i. 

Q.E.D. 

Now, we identify V2n_2 2, the real Stiefel manifold of 2-orthonormal frames 
on R2"-2^ as a submanifold of V2"_i 2 as follows: 

^2"-2,2 = {(a, e ■V2"-i,2|(a, 6) e A„ X A„}; 

i.e., (a, 6) G V2n-i,2 belongs to V2n_2,2 whenever a and b are doubly pure 
elements in A„ and we have the known fibration [Wh] 

(a, 6) H- >• 6 

thus, y2"-2,2 has dimension 2" - 3 + 2" - 4 = 2"+^ - 7. 

Since (ra — sb) and (sa + r6) arc doubly pure elements in A„ when a and 
b are doubly pure elements, we have that 

V2«-2,2 is a yS^-invariant submanifold of V2n-i,2; 

i.e., if q; e V2n_2,2 then (r, s) ■ a & V2n_2,2 for all (r, s) e S^. 

We note that A„+i becomes a complex vector space by defining id=a thus 
as a complex vector space 

K+l = (An X (A„ = C ®M (A„ 

The isomorphism takes 1 x to (x, 0) and i (8) y to (0, y) and (the set of 
modulo 1 complex numbers) acts naturally by multiplication on C, hence on 
A„_|_i. 
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Now, we identify the complex Stiefel manifold VF2n-i_i 2 of 2-ortlionormal 
frames in ~^ as a submanifold of V2n_2,2 in terms of the Cayley-Dickson 
algebra A„+i for n > 3. 

It is known that for a, b and x in {ax, b)n = {a, 6x)„.(See [A]). Thus 

if a; is a pure element, i.e., x — —x then {ax, b)n = —{a, bx)n- That is, right 
multiplication by a pure no^-zero element is a skew-symmetric linear map. 
In particular (a, 6)„ = — (a, 

Proposition 2.4. For n > 3, the map Tin : A„ x A„ — > C given by 

Hnia, b) = 2{a, b)n - 2i{a, b)n 
defines a Hermitian inner product in A„. 
Proof: Clearly 7Y„ is M-lincar and 

Hn{a,b) = 2{a,b)n + 2i{a,b)n 

= 2{a,b)n-2i{a,b)n 
= nn{b,a). 

On the other hand, 

Hn^a, b) = 2(a, 6)„ - 2i(a, b)n 
= 2{a,b)n + 2i{a,b)n 
= 2i{a,b)n-2f{a,b)n 
= iHn{a,b). 

Q.E.D. 

Proposition 2.5. For n > 3 

W^2"-i-i,2 = {{a,b) e ■V2"-2,2|fc e H^}. 

Proof: First of all, we observe that b G for a and b in A„ if and only if 
b ^- a and 6 ± a, i.e. 7in{o,, b) =0. If | |a| | = 1 16| | = 1 and Hn{o,, b) = then 
(a, b) e W„,2, where m = |(2" - 2) = 2"-^ - 1. 

Q.E.D. 

Proposition 2.6. 1^2"-i-i,2 is 5" -^-invariant. 
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Proof: Suppose {a,b) e A„ x A„ with ||a|| = ||6|| = 1 and 6 e . Prom 
this, we have b ± a, and & ± a (cquivalcntly a ± &). 

Now r(a, b) + s{—b, a) = {ra — sb, rb + sa) and we know that (ra — sb) _L 
[rb + sa). 

To finish, we need to show that (ra — sb) _L (r6 + sa). 

{ra — sb,rb + sa)n — {ra — sb,rb + sa)n 

= r^(a, 6)n - a)„ + rs{a, a)n - rs{b, a)n 
= 0, 

therefore (ra — sb) e Hj-b+sa. 

Q.E.D. 

Note that we have a fibration 

(a, b) I— > 6 
7r-i(6) = S{mi) = 52"-5 gjnce dim = 2" - 4. 
Thus dim 1^2-1-1,2 = 2" - 5 + 2" - 3 = 2"+^ - 8. 

In [Moi] it is shown that for a and b in A„ with n > 4 and | |a| | = 1 16| | = 1, 
then 

if a6 = then 

i) (a, 6) e A„ X A„. 

ii) & e (or equivalently a e H^). 
Thus 

X„ := {(a, 6) e A„ X A„ : ||a|| = ||6|| = 1 and ab — 0} 

is a subset of VF2"-i_i,2- 

Thus we have a chain of inclusions for n > 3, 

Xn C H^2'»-l-l,2 C V2n-2,2 C V2n-1,2- 

Now we show that Xn and M/2"-i-i,2 admit a T := 5*^ x 5*^ action. 

Lemma 2.7 For (a, 6) e V2n_2,2 and r,s,q,p in M with r^ + = 1 and 
+ = 1 define 

(a, 6) 1^ (ra + sa,p6 + 
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i) If (a, b) e 1^2"-i-i,2 then (ra + sd,pb + qb) e VF2n-i_i,2- 

ii) If (a, 6) G X„ then (ra + sa,p6 + qb) G X„. 

iii) r defines a free T-action on H/2n-i-i,2 and X„ respectively. 

Proof: By direct calculations. If a _L 6 and a _L 6 then 

{ra + sa, pb + qb)n = rp{a, 6)„ + sq{d, b)n + rg(a, b)n + sp(a, 6)„ 
= 0+0+0+0 
= 

similarly. 

(ra + s6, (p6 + qb)eo)n = {ra + sa,p6 — qb)n 

= rp(a, 6)„ + sp{a, 6)„ - rg(a, 6)„ - sq{a, b), 
= 0+0+0+0 
= 0. 



If a6 = then 



{ra + sa){pb + qb) = rp{ab) + sqab + spab + rqab 
= 0. 



Also 



||ra + sa||^ = r^||a||^ + s^||a|p = (r^ + s^)||a||^ = 1 and 
\\pb + qb\\' = p'\\b\\' + q'\\b\\' = {p' + q')\\b\\' ^ 1 

Therefore we proved (i) and (ii). 

Finally (ra + sa,pb + qb) = (a, b) if and only ifr = l,s = 0,p=l and 
q^O. 

Clearly this action is smooth and free (see Corollary 2.5). 

Q.E.D. 



§ 3. Xn, Octonions and a action. 

In this section, we show that we can attach to every element in X„ a copy 
of A3 = 0, the octonions inside of A„+i for n > 3. This allows us to identify 
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Xn with a subset of algebra monomorphisms of A3 into A„+i, which is our 
main goal in § 4. 

We recall some notation from § 1. 

Let Co e A„_i be the unit so (cq, 0) = cq is the unit in A„ and cq = (0, cq) 
in A„. 

For eo in A„ we denote e — (eo, 0) in A„_|_i. 

For example for n = 4 , Cq = eg in A4, and e = (eg, 0) in A5 

In general cq = 62" in A„+i and e = 62"- 1 in A„+i. Since £ is a doubly 
pure element of norm one, we have that = Span{eo, £, £, eo} C A„+i is a 
copy of A2 and a direct sum decomposition A„+i — M.^® H^. 

By definition a — (a, 6) e A„ x A„ = A„+i is doubly pure in A„+i with 
doubly pure entries in A„ if and only if a e M.f. 

In section § 2 we constructed the chain 

Xn C VF2"-l-l,2 C V2n-2,2 C V2n-1,2 C A„+i 

for n > 3 with X3 = $, the empty set. 

Therefore, by definition, y2"-2,2 = V'2n-i,2 n Hj". 

Lemma 3.1. For a G C A„_|_i with a — (a, 6) e A„ x A„, 

1) (ae) E Mf and ae = (a, —b). 

2) ae E Mf and ae = ae = —ae = (—6, —a). 

Proof: By direct calculation 

ae = (a, 6)(eo, 0) = (aeo, —beo) = (a, —6) e A„ x A„ = Hj" 

and 

ae = (a, b) (0, Cq) = (eo6, eoo) = (-6, -a) 

by Lemma 1.1 (1). 

Finally using Lemma 1.1 (6) and (3) respectively ae — ae — —ae e M.f. 

Q.E.D. 

Corollary 3.2. For a non-zero a in C A„+i and n > 3, 
0a '■= Span{eo, e, e, cq, a, ae, ea, a} C A„_)_i 
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is an 8-dimensional vector subspace of A„+i = R^" . 

Proof: By definition {cq, e, e, Cq}, {cq, a, a, Cq}, {s, a, e, a} arc an orthogonal 
set of vectors and ae e UfdU^. Also by Lemma 3.1. ea = -as G nH^. 
Thus {eo, £, £, eo, a, «£, ea, a} is an orthogonal set of vectors in A„+i. 

Q.E.D. 

Remark: In particular for a G V2n_2,2 we have that 0^ = C A„_|_i and 

Lemma 3.3. For a e V2n-2,2- 

a e W2n-i_i,2 if and only if d e 0^. 

Proof: Recall that by definition a = {b, a) if a = (a, b) so 
a e (Span(({eo, £, £, §0, a, a}))-'- (see Lemma 2.1. above). 
Now 

{a,ea)n+i = ((6, a), (6, a))„+i = (6, 6)„ + (a, a)n = 

(q;,q;£)„+i = {{b,a),{d,-b))n+i^ {b,d)n- {a,b)n^2{b,d)n, 

so CK ± (ae) in A„+i if and only if a ± 6 in A„ i.e. b e H^. 
Therefore a e 0^ if and only if 6 e H^. 

Q.E.D. 

Thus iy2"-i-i,2 = {a e V2«_2,2|q; G 0^}. 

Theorem 3.4 For a e 1^2"-i-i,2 and n > 4, the following statements are 
equivalent. 

i) a e Xn 

ii) a alternate with e i.e., {a,a,e) = 

iii) The vector subspace of A„+i 

V{a;e) := Spanjeo, a, e, ae}. 

is multiplicatively closed and isomorphic to A2 = H. 

iv) 0a is multiplicatively closed and isomorphic to A3 = 0. 

v) q; e KerLo; C 0^, where Lq, is left multiplication by a. 

Proof. First of all, wc calculate 

a{ae) = {a,b)[{a,b){e,0)] — {a,b){d, —b) — {ad — bb, —ba — bd) 
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= (-||a||^eo- -6a - 6a) (by Lemma 1.1 (2) and (5)) 

= -||Q;||^£ + 2(0,6a). 

Therefore a{ae) = o?e = — ||Q!|p£ if and only if ba = 0, i.e. a G Xn and we 
have (11). 

Clearly if a e iy2"-i-i,2 then {eQ,a,e,ae} form an orthonormal set of 
vectors so dim^iV {a; s)) = 4 so — ||q;|P — a"^ = (ae)^ and a{ae) — — ||Q;|p£ 
if and only if V{a; e) = H, and we prove (ii)-v^(iii). 

To prove (iii)<S^(iv) we stablish the following correspondence between the 
canonical basis in A3 and the orthonormal basis of 0a- 

Ci — > £; 62 I— > s; 63 — > Co; | |q;| |e4 a; \ \a\ [e^ — > as; \ \a\\ee ea; | |q;| |e7 — > a 

Using ii) it is a routine calculation to see that this correspondence define an 
algebra isomorphism. (See also Lemma 4.4 (1) below). 
Finally by Lemma 3.3. we know a & 0-^ and 

aa — {a, b)(b, a) = {ah + ab, — 6^) = (2a6, 1 16| p — | |a| p) 

is the Hopf construction. So aa = in A„+i if and only if a e Recall 
that A3 = 0a does not admit zero divisors. 

Q.E.D. 

Theorem 3.5. Hj" admits a left H^-module structure for n > 3. 

Proof: For a = (a, b) in M.f = A„ x A„ and u = rco + se + qe + peg with 
r, s, q and p in M. 
Define 

u ■ a — au — ra + sae + qae + pa. 

Trivially a e and {ae) and {ae) are in Hj" by Lemma 3.1.(2) and (1) 
respectively. 

Since e', e and co are alternative elements in A„+i (actually they belong 
to the canonical basis) wc have that e- a = (ae)£ = a{e)'^ = — ||Q!||^eo = £■ a 
and similarly e ■ {e ■ a) = • a and cq ■ (cq ■ a) = ■ a. 

Now e ■ {bq ■ a) — e ■ {aeo) — e ■ a — as and (seo) ■ a — e ■ a — as — as 
by Lemma 3.1 (2). 
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Similarly 



e ■ 


(eo • 


■ a) 


= (?eo) 


■ a 


= ea 


eo ■ 


■{e- 


■ a) 


= {eos) 


■ a 


= ae 


e ■ 


(eo ■ 


■a) 


= (i^eo) 


■ a 


= ae 


eo ■ 


■{e- 


■ a) 


= (eoe) 


■ a 


= —ae. 



Finally e- {e ■ a) = e ■ (ae) = {ae)e = {ae)e = —{ae)e — —a — (ee) ■ a and 
e ■ {e- a) = e ■ (ae) = {ae)e = {ae)e = a = e ■ (ea). 
By Lemma 3.1 and Lemma 1.1. and we are done. 

Q.E.D. 

Now we define a action on X„. 

Consider the unit sphere inside of M.^ C A„+i. 

= S{Me) = {reo + se + qe + peo\r'^ + + + = 1}. 
For aeUf with a = (a, 6) e A„ x A„ define x 5^ ^ by 

a{reo + se + qe + pe-o) — ra + sae + qae + pae-o — ra + sae + qae + pa 

= r(a, b) + s{—b, —a) + q{a, —h) + p{—h, a) 
— {ra — sb + qd — pb, rb — sa — qb + pa) . 

By definition this is a group action which is smooth and free of fixed points. 

Corollary 3.6 The above action of 5"^ = 'S'(]H[£) on Hj" is a group action 
which is smooth, orthogonal and free of fixed points. 

Proof: By Theorem 3.5 this is a smooth group action because it is a restric- 
tion of a linear action. Since right multiplication by cq, £ and £ are orthogonal 
linear transformations, we have that the action is orthogonal. 

Finally this action is free of fixed points because {eo, e, e, e} is an orthonor- 
mal basis, so a{reo + se + qe + pco) = a if and only ii r = 1, s = q = p = 0. 

Q.E.D. 

Theorem 3.8. 

i) The subsets X„ and VF2"-i-i,2 of Hj" are S'^-equivariant. 

ii) For a and /3 in H^2"-i-i,2, 
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0a — 0/3) as vector spaces, if and only if a and (3 lie in the same (S^-orbit. 

Proof. For a E M.f with a = (a, b) € A„ x A„ and r, s, q and p in M with 

+ s'^ + g'^ + = 1 we have that 

a{reo + se + qe + scq) — {ra — sb + qa — pb, rb — sd — qb + pa) . 

Suppose that a e VF2n-i_i^2 then (a, b)n = —(a, 6)„ = 0; (a, 6)„ = (a, 6)„ — 
and by definition (a, a)„ = = with ||a|| = ||a|| = ||fo|| = ||fo|| = 1 so 

{ra — sb + qd—pb, rb — sd — qb + pa) — pWaW^ + sq\\b\\^ — qs\\d\\^ — pr\\b\\^ — 
and {a{reo + se + qe^+ scq)) G V^2'^-2,2- 

Similarly (ra — s6 + ga — p6, rb + sa + qb + pd) = and 

a{reo + se + qe + seo) e VF2n-i_i_2. 

A direct calculation shows that if a6 = then 

ab — db — ab — db — 

{ra — sb + qd — pb) {rb — sd — qb + pa) — 
—rsad + rpa^ — srbb + sqlP' — qsd? + qpaa — prb^ + pqbb — 

-rs(-| |a| 1^60+ 1 16| l^eo) +pq{-\\a\\'^eo + \\b\feo)+rp{a^ - b^) + sq{b^ - a^) = 

because ||a||^ = = 1 and a^ — b'^ — — eo, so we have (i). 

To prove ii) we notice that 0q, = © Span{a, ae, ea, aj.Thcn \i [3 = 
ra + sae + qae + pa (recall that ae = —ea by Lemma 4.1) and = 1 then 
+ + + = 1 and a = (3 mod if and only if 0^ C 0a but 

dim 0/3 = dim 0a = 8 and 0^ — 0a- 

Q.E.D. 

Remark: Notice that T ^ x S^, as in Lemma 2.7. and = S{Me) 
intersect on a copy of 5"^. 

Suppose that r^ + s'^ + p^ + q"^ — 1 and u"^ + v"^ = 1 + = 1 in R. 
If (ra — sb + qd — pb, rb — sd — qb + pa) = {ua + vd, tb + mb) then r — u, 
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q — V, s — 0,p — 0,r — t, —q — m so 

S{m,) nT = S' = {{r, -q)\r^ + q^ = 1}. 



§4. Xn and monomorphisms from A3 to A^+i- 

In this chapter 1 < m < n. 

Definition. An algebra monomorphism from to A„ is a hnear monomor- 
phism ip : A^ — > such that 

i) (p{eo) — eo (the first eo is in A^ and the second Cq in A„) 

ii) ^p{xy) = ip{x)(p{y) for all x and y in A„j. 

By definition we have that v^(reo) = rip{eo) for all r in M so ip{okm) C 
(^(cA„) and (p{x) = ip{x) therefore = Lp{x)Lp{x) = Lp{x)Lp{x) = 

ip{xx) = 99(||a;|p) = ||a;|p for all x G A^ and ||93(a;)|| = ||a;|| and ip is an 
orthogonal linear transformation from ~^ to 

The trivial monomorphism is the one given by (p{x) — {x,0,0, . . . , 0) for 
X G Am and in A^ 

Ai{Am',An) denotes the set of algebra monomorphisms from A„, to A„. 

For 171 = 11, A4{Am; An) = Aut(A„) the group of algebra automorphisms 
of A„ 

Proposition 4.1. X(Ai; A„) = 5(<An) = S^"-\ 

Proof: Ai = C = Span{eo, ei}. 

If a; G Ai then x = reo + sei and for w GoA„ with | |w| | = 1 we have that 
fw{x) = reo + sw define an algebra monomorphism from Ai to A„. This can 
be seen by direct calculations, recalling that, Center (A„) = M for all n and 
that every associator with one real entries vanish. 

Conversely, for (p G Al(Ai; A„), set w = (p{ei) so \ \w\ \ = 1 and (p^ = (p- 

Q.E.D. 

Remark: In particular, we have that 

Aut{Ai) = 5"° = Z/2 = {Identity, conjugation} = {(pei,(p-ei}- 
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To calculate A1(A2; A„) for n > 2 we need to recall (see [M02]). 

Definition: For a and h in A„. We say that a alternate with b, we denote it 
by a ^ 6, if (a, a, b) = 0. 

We say that a alternate strongly with b, we denote it by a b, if 
(a, a,b) = and (a, b, b) — 0. 

Clearly a alternate strongly with cq for all a in A„ and if a and b are 
linearly dependent then a b (by flexibility). 

Also, by definition, a is an alternative element if and only if a ^ a; for all 
X in A„. 

By Lemma 1.1 (1) and (2) we have that for any doubly pure element a in 
A„ (a, a, Co) = and (by the above remarks) Cq alternate strongly with any 
a in A„. 

For a and b pure elements in An, we define the vector subspace of A„ 

V{a; b) — Span{eo, a, b, ab}. 

Lemma 4.2. If (a, 6) G V2"-i,2 and a <^ b then V{a;b) = A2 = EI the 
quaternions. 

Proof: Suppose that (a, b) e V2n_i,2 and that (a, a,b) — then we have 

{ab,a) = (6, aa) = (6, 1 |a||^eo) = I |a| 1^(6, Co) = 

{ab,a) = (a, 66) = (a, 1 16| l^eo) = I l&l |^(a, Co) = 

\\ab\\^ ^ {ab,ab) = (a(a6), 6) = (-a(a6), 6) = (-a^6, 6) 

= -a2(6,6) = ||a|n|6||' = l 

so {co, a, 6, ab} is an orthonormal set of vectors in A„. 

Finally using also that (a, b,b) =0 and ab = —ba we may check by direct 
calculation that the multiplication table of {eo, a, b, ab} coincides with the 
one of the quaternions and by the identification cq 1— > eo, a 1— ei, 6 1-^ 62 and 
ab I— > 63 we have an algebra isomorphism between A2 = HI and V{a; b). 

Q.E.D. 

Proposition 4.3. A1(A2; A„) = {{a,b) e V'2n_i,2|a b} for n>2. 
In particular 

Aut{A2) = A<(A2; A2) = ^3,2 = ^0(3) 
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and 

Proof. The inclusion "d" follows from Lemma 4.2. Conversly suppose that 
(p e A^(A2,A„) then(^(eo) = eg, ((^(ei), (^(ea)) G ^"-1,2 and V^((^(ei), (^(ea)) = 
Imcp = EI C A„. 

Since A2 is an asociative algebra and A3 is an alternative algebra we have 
that a <^ b for any two elements in A„ for n = 2 or n = 3. 

Q.E.D. 

Remark. Recall that A„ = {cq, eo}"*" = denotes the vector subspace 

of doubly pure elements. Since a Cq for any element in A„, we have 
that, if a e -S'(A„) i.e., ||a|| = 1 then (a, eo) G V2"_i,2 and the assignment 
a I— s> (a, Co) defines an inclusion from S'(A„) = S"^"'^ ^ A4(A2; A„) C V2n_i,2 
which resembles "the bottom cell" inclusion in V2n-i,2- 

Now we show that X„ can be identified with a subset of ^.{A^; A„_)_i) for 
n > 4. 

Lemma 4.4. For a G Mf C A„+i and n > 4. 

(1) If ||q;|| = 1 then 0„ = Spanjco, e, e, Cq, 5, «£, Sa, a} is isomorphic as 
algebra to A3 if and only if (a, a, e) = 0. 

(2) If a = (a, 6) e A„ X A„ then (a, a, e) = (0, —(a, Cq, 6)) G A„ x A„ 

Proof. (1) By definition eg = and e = 621-1 are elements in the canonical 
basis so they are alternative elements (See [Sch]). Since M.^ is associative for 
all a then (a, a, co) = 0. 

Clearly if 0a = A3 then (a, a, s) = because 0a is an alternative algebra. 

Conversely, assume that {a, a, e) — 0. 

We have the following multiplication table that under the mapping 
Co ^ Co; ei s;e2 ^ s; 63 1-^ cq; 64 1-^ 5; 65 1-^ as; cq i-^ £Q! and ^ a 
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becomes an algebra monomorphism from A3 into A„+i 



eo 


6 


e 


eo 


a 


ae 


ea 


a 


e 


-eo 


eo 


—e 


ae 


—a 


—a 


ea 


e 


-eo 


-eo 


e 


ea 


a 


—a 


—ae 


eo 


e 


—e 


-eo 


a 


—ea 


+ae 


—a 


a 


—ae 


—ea 


—a 


-eo 


e 


e 


-eo 


ae 


a 


—a 


ea 


—e 


-eo 


-eo 


e 


ea 


a 


a 


—ae 


—e 


eo 


-eo 


—e 


a 


—ea 


ae 


a 


eo 


—e 


e 


-eo 



Notice that this table is skew-symmetric with — Cq's along the diagonal. 
The nontrivial calculations are: 
ea = ae (by Lemma 1.1 (5)). 

e{ae) — —ea) = e{ea) = e'^a = —eoa = —a (by Lemma 1.1 (3)). 
e{ea) = —e{ea) = —e{ea) = e{ea) — —a (by Lemma 1.1 (1) and (6). 
a{ae) = —a{ae) = —a^e = £ because [a,a,e) — and ||q;|| = 1. 
a{ea) = —a{ea) = +a{ae) — —a{ae) — e, 
so we are done with (1). 

To prove (2) we perform similar calculation as in Theorem 3.4. 

a{ae) — (a, b)[{a, b)(eQ, 0)] = (a, 6) (a, —b) = {aa — bb, —ba — ba) 
= (-||a||% - ||6||^eo,-(6eo)a + 6(eoa)) 
= -||q;||^£ - (0, (6,eo,a)) 

Therefore 

{a,a,e) = a'^e — a{ae) = —\\a\\'^ — a{ae) 

= (0, (6, Co, a)) = -(0, (a, eo, b)) by flexibility. 

Q.E.D. 

Notation: For n > 4 consider the following subsets of A„+i 

E„ = {aemf\{a,a,e) = 0}, 

S{En) = {aGE„: ||a|| = 1}, 

P{n) = {{a.b) G A„ X A„|aand6arcC — coUinear}, 

X„ = {(a, 6) e A„ X A„|a 7^ 0, 6 7^ Oandafe = 0} 
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and also the following subset of monomorphisms 

Remark: By Lemma 4.4 (1) we may identify 5'(E„) and A^2(A3; A„+i), that 
is, there is a one to one correspondence between this two sets. 

Theorem 4.5. For n > 4 

(i) P{n) and Xn are subsets of E„ with P{n) fl X„ — 

(ii) There is a continous retract 

R : E„\P(n) ^ X„. 

Proof: If (a, b) e P(n) then 6 e or a e H;, and (a, Cq, 6) = (recall that 
Ha and Mb arc associative), so by Lemma 4.4 (2) (a, a,e) — in A„+i when 

a = (a, b) so P(n) C E„. 

On the other hand if (a, 6) G X„ then a6 = and b G H;|; C A^j and by 
Lemma 1.1 (1), (6) and (3) 

(a, Co, b) — (aeo)6 — a(eo6) —ab + ab — ab + ab — lab — —2ab. 

Therefore if afe = then (a, Cq, 6) = and {a, a,e) — in A„_|_i for a = (a, 6) 
by Lemma 4.4 (2) so X„ C E„. 

Now if (a, b) G P(n) fl Xn then 6 G Ha and ab = 0, but H^ is associative 
and a = or fe = which is a contradiction, therefore P(n) nX„ is the empty 
set and we arc done with (i). 

To prove (ii) suppose that a — (a, 6) G A„ x A„ with a 7^ 0. Since 

A„ = H„ © H^ 

then there are unique elements c and d in H^ and H^ respectively such that 
b — c + d. Now 

(a, Co, b) = (a, Cq, c + d) = (a, Cq, c) + (a, Cq, 0?) = + (a, Cq, 0?) 

because H^ is associative. 



20 



But by Lemma 1.1 (1), (6) and (3) 

(a, Co, d) = {aeo)d — a{eod) = ad + ad = ad + ad = —2ad. 

Therefore {a,eo,b) — —2ad. 

Suppose that a — (a, b) is in E„\P(n) then a 7^ 0,6 7^ 0, 

with d ^ and (a, co; &) = by Lemma 4.6 (2). Thus we have that ad — 0. 

Let us define R : E„\P(n) ^ X„ as -R(a, 6) = (a, rf). 

Then i?(a, 6) = (a, 6) if (a, b) G and is continuous, because it is the 
restriction of the projection map 

A„ X A„ ^ A„ X {Ma © H^) ^ A„ x 
(a, b) —>■ {a,c + d) (a, d) 

which is obviously continuous. 

Q.E.D. 

Remarks: (1) RecaU that A„ is a complex vector space by making ia = a. 

By definition (a, b) e P{n) if and only if a and b are C-coUinear for 
(a, 6) e A„ X A„. So 

P(n) ^(((A„\{0})xC)UA„). 

(2) Consider the map w„ given by 

w„(a,6) = (a, Co, 6). 

Since every associator is a pure element (a, eo, &) J- Cq because (a, — , 6) is a 
skew-symmetric linear transformation (see [Moi]) then (a, eo,&) G A„. 

Now Wn is a polynomia map, actually is a quadraic map, and E„ = ^^"^(0) 
is a real algebraic set in A„ x A„ = = M^"^^~^ with in A„ a singular 
value, by Lemma 4.4 (2). 

(3) Xn is a contraction of Xn via normalization on each coordinate. 
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